Abstract. Conceptually, a rough number is a positive integer with no small prime factors. Formally, for real numbers x and y, let Φ(x, y) denote the number of positive integers at most x with no prime factors less than y. In this paper we establish the lower bound Φ(n, p) ≥ ⌊2n/p⌋ + 1 when p ≥ 11 is prime and n ≥ 2p.
Introduction
As defined in [4] , a y-rough number is an integer whose prime factors are all at least y. For real numbers x and y, the function Φ(x, y) counts the number of y-rough numbers less than or equal to x. This function was studied by Buchstab, who showed in [1] that for any fixed u > 1,
where ω(u) is the unique continuous function ω : [1, ∞] → (0, ∞) satisfying
du (uω(u)) = ω(u − 1), u ≥ 2. The current study of Φ(x, y) is motivated by a graph labeling algorithm used in [7] . For a graph G with n vertices, a prime labeling is a bijection f : V (G) → {1, 2, ..., n} such that gcd(f (v), f (w)) = 1 for any edge vw in G. We seek a prime labeling of a bipartite graph G = G[A, B] with |A| = |B| = n/2. We begin by placing the even multiples of 3 at most n on vertices in A and the odd multiples of 3 at most n on vertices in B such that no two vertices labeled with a multiple of 3 are adjacent. Starting with p = 5 and continuing with all odd primes p < n, we place the unused even multiples of p at most n on unlabeled vertices in A and the unused odd multiples of p at most n on unlabeled vertices in B such that no two vertices labeled with a multiple of p are adjacent. If this process can be completed, then G has a prime labeling. At any step of the process, before assigning the unused multiples of a prime p, the number of unlabeled vertices in B is given by Φ(n, p); the goal of this paper is to prove the following lower bound. Theorem 1.1. Suppose p ≥ 11 is prime. Then for all n ≥ 2p,
The proof of this theorem breaks into four cases depending on the value of n; these cases are covered by Lemmas 2.1-2.3 and Lemma 2.9 in Section 2. For a real number x, let π(x) denote the number of prime numbers less than or equal to x; we will need the following results on the distribution of prime numbers.
and for x ≥ 17,
Lemma 1.3 (Theorem, page 180 in [5] ). Let x ≥ 25. There is at least one prime number in the interval (x, 6x/5).
Proof of Theorem 1.1
For any n and p, set z = 2n/p; then ⌊2n/p⌋ + 1 = ⌊z⌋ + 1 is a step function that only increments at integer values of z. Therefore, in what follows, we can restrict our attention to Φ(zp/2, p) for integer values of z. Namely, several of the proofs in this section require the checking of a finite number of small cases. The author has verified these by hand, and the details are provided in Appendix A.
Lemma 2.1. If p ≥ 11 is prime and 2p ≤ n ≤ 3p, then Φ(n, p) ≥ ⌊2n/p⌋ + 1.
Proof. Let p ≥ 11 be prime and 2p ≤ n ≤ 3p; set n = pz/2, where 4 ≤ z ≤ 6 is a real number. Since we only need to consider integer values of z, it suffices to show that Φ(2p, p) ≥ 5, Φ(5p/2, p) ≥ 6, and Φ(3p, p) ≥ 7.
Let X p n denote the set of all positive integers at most n with no prime factors less than p, so that |X p n | = Φ(n, p). If 11 ≤ p ≤ 23, then Table 1 on page 9 provides the set X p n and the value of Φ(zp/2, p) for z = 4, 5, 6. If p ≥ 29, then the set of integers less than 2p that are not divisible by any prime q < p includes 1 and p; moreover, because p > 25, Lemma Thus, Φ(2p, p) ≥ 5. We apply Lemma 1.3 again to obtain at least one prime in 2p,
Similarly from Lemma 1.3, there is at least one prime in
, and the proof is complete. Lemma 2.2. If p ≥ 11 is prime and 3p < n ≤ p 2 , then Φ(n, p) ≥ ⌊2n/p⌋ + 1.
Proof. Assume first that 11 ≤ p ≤ 89 and set n = pz/2, where 6 < z ≤ 2p is a real number. Note that Φ(n, p) is a nondecreasing function in n, so if Φ(n, p) ≥ 2p + 1, then Φ(n 0 , p) ≥ 2p + 1 for all n 0 ≥ n. Therefore, for each p, we simply need to compute Φ(pz/2, p) starting with z = 7 and continuing until we obtain a value at least 2p + 1. The necessary values of Φ(pz/2, p) for 7 ≤ z ≤ 18 are given in Table  2 on page 9, and the necessary values of Φ(pz/2, p) for 19 ≤ z ≤ 28 are given in Table 3 on page 10. No further computations are required for 11 ≤ p ≤ 89.
Assume now that p ≥ 97 and again set n = pz/2, where 6 < z ≤ 2p is a real number. We first show that
for all z > 6. When z = 6, (4z − 4)/(z − 5.02024) = 20/0.97976 ≤ 20.42, and for
Thus, the right hand side decreases as z increases, so p ln p ≥ 4z − 4 z − 5.02024 for all z > 6 as well.
From this we derive that
Since Φ(n, p) counts 1, p, and all primes greater than p and less than or equal to n, we have (using Lemma 1.2)
Since z ≤ 2p implies pz/2 ≤ p 2 , we have
Finally, using (1), we have
Proof. If p = 11 then d < 2, so the statement is vacuously true. Now let p ≥ 13, and set n = p α , where 2 < α ≤ d = (p − 2c)/2 ln p and c = 1.25506. We know α p α−2 < 2 for all α > 2, because the terms are equal for α = 2 and
From this we obtain
Multiplying both sides of the inequality p − cα/p α−2 ≥ 2α ln p by p α−1 /α ln p yields
Again Φ(n, p) counts 1, p, and all primes greater than p and less than or equal to n, so we have (using Lemma 1.2)
This completes the proof.
The
n is square-free with an even number of prime factors; −1 n is square-free with an odd number of prime factors; 0 n is not square-free.
Note that if d|Q k , then µ(d) = ±1. We prove the following estimate, which is provided with a brief explanation in [2, Equation 1.1].
Lemma 2.4. Suppose p is prime. Then
Proof. If p = p k+1 , then an exact formula for Φ(p α , p) (sometimes called Legendre's formula) is given by
we now obtain the approximation
Finally, note that
The result follows. Then f (19) ≈ 1.373 < 11/8; to establish the result, we will show that f is decreasing. Let
and f 2 (p) = 1
Implicit differentiation yields
Since f 1 (p) > 0 for all p and the expression in brackets is easily shown to be negative for all p ≥ 19, we conclude that f 
Proof. Assume first that 19 ≤ p ≤ 2971, and let c = 1.25506 and d = (p−2c)/2 ln p.
It is evident that d > 2 and, hence, g(p) < 2.01 for all p ≥ 19, so it suffices to show that f (p) > 2.01. Tables 4 and 5 on pages 11 and 12 provide the value of f (p) rounded to two decimal places; clearly, f (p)
But this follows immediately from the fact that g(2999) ≈ 209.7 ≥ 27/8 and g(p) is clearly increasing.
Lemma 2.7 (Theorem 6.12 in [3] ). If x ≥ 2973, then
and if p ≥ 2999 is prime, then
Proof. Assume first that 19 ≤ p ≤ 2971, and set
Tables 6-9 on pages 13-16 provide the values of f (p) and g(p) rounded to three decimal places; clearly, f (p) > g(p) for all prime 19 ≤ p ≤ 2971. The inequality for p ≥ 2999 follows immediately from Lemma 2.7.
We are now ready to complete the proof of Theorem 1.1. In what follows, we make repeated use of the inequality ⌊x/y⌋ ≥ x/y − 1. Proof. First, suppose p = 11 and assume 11 d ≈ 69.8 < n < 150. Recall that for a fixed p, Φ(n, p) is increasing in n. The maximum value of ⌊2n/11⌋ + 1 for 11 d ≈ 69.8 < n < 150 is ⌊2(149)/11⌋ + 1 = 28, so we simply need to verify the inequality starting at n = 70 and continuing until we obtain a value of Φ(n, 11) at least 28. The required values are given in Table 10 on page 16, where Φ stands in the place of Φ(n, 11) and b = ⌊2n/11⌋ + 1.
Assume now that n ≥ 150; we estimate Φ(n, 11) directly: Φ(n, 11) = n − Suppose now that p = 13, and assume 13 d ≈ 189.6 < n < 297. Again, Φ(n, p) is increasing in n for p = 13. The maximum value of ⌊2n/13⌋ + 1 for 13 d ≈ 189.6 < n < 297 is ⌊2(296)/13⌋ + 1 = 46, so we simply need to verify the inequality starting at n = 190 and continuing until we obtain a value of Φ(n, 13) at least 46. The required values are given in Table 11 on page 16, where Φ stands in the place of Φ(n, 13) and b = ⌊2n/13⌋ + 1.
Assume now that n ≥ 297; we use an argument similar to the one above to obtain Φ(n, 13) ≥ 480n/2310 − 15. For n ≥ 297, 
Using Lemma 1.2 and Corollary 2.8, this implies
and using Lemma 2.6 yields
Finally, suppose that p ≥ 2999 and n > p d . We again set n = p α , where α > d; using an argument similar to the preceding paragraph, we obtain via Lemmas 1. 
